In the present work, we establish some common fixed point results for a pair of weakly isotone increasing set-valued mappings in a ordered complete partial metric space.
Introduction
The notion of partial metric is one of the most useful and interesting generalizations of the classical concept of metric. The partial metric spaces were introduced in 1994 by Matthews [10] . Based on this notion, Matthews [10] , Oltra and Valero [13] , Ilic et al. [7, 8] , Kadelburg et al. [9] , Di Bari et al. [3] , Hemant Kumar Nashine et al. [11] obtained some very interesting fixed point theorems for mappings satisfying different contractive conditions. Very recently Hong in [6] introduced the concepts of approximative values, This definition is a very useful tool for proving the existence of a fixed point of a multivalued operator in an ordered metric space. In [5] Erduran extend the concept of approximative values in partial metric space, and he proved some fixed point for multivalued mappings. In this paper, we obtain some new common fixed point theorems for a pair of multivalued mappings in ordered partial metric spaces. Our results are ordered version generalization of the results of Hong [6] and Erduran [5] . Definition 1.1 [10] A partial metric on a nonempty set X is a mapping p : X × X → R + such that for all x, y, z ∈ X, the following conditions are satisfied:
(x, x) = p(x, y) = p(y, y), (ii) p(x, x) ≤ p(x, y), (iii) p(x, y) = p(y, x), (iv) p(x, y) ≤ p(x, z) + p(z, y) − p(z, z).
A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X. Each partial metric p on X generates a T 0 topology τ p on X which has as a base, the family of open p-balls {B p (x, ε), x ∈ X, ε > 0},where
for all x ∈ X and ε > 0. If p is a partial metric on X, then the mapping
is a metric on X. 
Let CB p (X) be a family of all nonempty, closed and bounded subsets of the partial metric space (X, p). Note that closed-ness is taken from (X, τ p ) (τ p is the topology induced by p) and bounded-ness is given as follows: A, is a bounded subset in (X, p) if there exist x 0 ∈ X and M ≥ 0 such that for all a ∈ A, we have a
and
It is immediate to check that p(x, A) = 0 implies that 
The mapping Let (X; ≼) be a partially ordered set. Then x, y ∈ X are called comparable if x ≼ y or y ≼ x holds. Definition 1.8 [6] . Let A and B be two nonempty subsets of a ordered set (X; ≼). The relation ≼ 2 between two nonempty subsets A and B of X is defined as follows:
Definition 1.9 Let (X; ≼) be a partially ordered set. Two maps S; T : X → 2 X are said to be weakly isotone increasing if for any x ∈ X we have Sx ≼ 2 T y for all y ∈ Sx and T x ≼ 2 Sy for all y ∈ T x.
Note that, in particular, single-valued mappings T ; S : X → X are weakly isotone increasing [4] if Sx ≼ T Sx and T x ≼ ST x hold for each x ∈ X. Definition 1.10 An ordered partial metric space is said to have a sequential limit comparison property if for every nondecreasing sequence (nonincreasing sequence) {x n } in X such that x n → x implies that x n ≤ x (x ≤ x n ), respectively.
Definition 1.11 Let X be a ordered partial metric space. A subset D ⊆ X is said to be approximative if the multivalued mapping
has nonempty values.
A set-valued operator T is said to have approximate values in X if T x is an approximation for each x ∈ X. In what follows, we will denote Θ the set of all functions θ : [0, +∞) 4 → [0, +∞) with the following property 1) θ is continuous, 2) θ is nondecreasing in third and forth components, 3) θ(t 1 , t 2 , t 3 , t 4 ) = 0 ⇔ t 1 t 2 t 3 t 4 = 0.
Example 1.14 The following functions belong to
X are two mappings, we denote ,
Now, we introduce the following definition.
Definition 1.15
Let X be an ordered partial metric space and let ρ = sup{p(x, y) :
for all x, y ∈ X, with x and y comparable and, ψ ∈ Ψ, φ ∈ Φ and θ ∈ Θ.
Main results
In this section we prove common fixed point theorems for a pair of multivalued mappings in a ordered complete partial metric space. 
Proof: First of all we show that, if x be a fixed point of T such that p(x, x) = 0 it is a common fixed point of T and S. Indeed,
where
thus by (1), we have , x) )) = 0 and hence p(Sx, x) = 0. Since Sx is approximative property , therefore there exist y ∈ P Sx (x) such that p(y, x) = 0 i.e, y = x. Thus x ∈ Sx.
This implies that, φ(ψ(p(Sx
Let x 0 ∈ X, if x 0 ∈ T x 0 our proof is complete. Otherwise, from the fact that T x 0 has approximation property it follows there exists x 1 ∈ T x 0 , with
Again if x 1 ∈ Sx 1 our proof is complete. Otherwise, since Sx 1 has approximation property it follows there exist
By induction and using approximative property, we can find in this way a sequence {x n } in X, such that x 2n+1 ∈ T x 2n and p(x 2n+1 , x 2n ) = p(T x 2n , x 2n ), and x 2n+2 ∈ Sx 2n+1 , with
On the other hand
Similarly we can show that
On the other hand since x 0 ≼ 2 T x 0 , and x 1 ∈ T x 0 , we have x 0 ≼ x 1 . Now since T and S are isotone increasing we have T x 0 ≼ 2 Sy for all y ∈ T x 0 , thus T x 0 ≼ 2 Sx 1 . In particular, x 1 ≼ x 2 . By continuing this process we can show that
Now we show that lim n→∞ p(x n+1 , x n ) = 0. Since ψ is nondecreasing, from (2) and the fact that T and S are generalized (ψ, φ, θ)-contraction we have,
which gives a contradiction. Therefore we have p(
, and so M (x 2n , x 2n−1 ) = p(x 2n , x 2n−1 ). Now by using (4) we have
Take the same proceeding we have,
By (5), (6), we conclude that
for all n ∈ N . Therefore, the sequence {p(x n , x n+1 )} is a nonnegative non-increasing and hence there exists r ≥ 0 such that
Hence by (5),we have
and so φ(ψ(r)) = 0. Hence r = 0.
In what follows we will show that {x n } is a cauchy sequence. Since lim n→∞ p(x n , x n+1 ) = 0, from assumption (iii) of φ there exists 0 < α < 1 and n 0 ∈ N such that
On the hand for all n ≥ n 0 , from (2) or (3)) we have,
Thus for any k > n 0 we have
as n → ∞, which implies that {x n } is a cauchy sequence in (X, d p ). Since (X, p) is complete, hence (X, d p ) is complete, so we have lim n→∞ d p (x n , x) = 0, for some x ∈ X. Now by lemma 1.4, we get
Since X has limit comparison property, therefore for n ∈ N , x n is comparable to x, so for n ∈ N , we have,
Thus,
which implies φ(ψ (p(x, T x) )) = 0, and hence p(x, T x) = 0. Since T x has approximative property, there exist y ∈ P T x such that p(y, x) = 0 i.e, y = x, therefore x ∈ T x. Thus x is a fixed point of T , i.e, x ∈ T x . This completes the proof.
Define ψ(t) = t and φ(t) = (1 − k)t, where k ∈ [0, 1), Then we have the following corollary. 
for all x, y ∈ X with x and y comparable and ψ ∈ Ψ, φ ∈ Φ and θ ∈ Θ. Suppose that S and T are weakly isotone increasing and there exists an
Putting S = T in Theorem 2.1, we obtain the following We show that T and S are weakly isotone increasing. Let y ∈ Sx and z ∈ Sx. Then u ∈ T y implies that u = 0. Thus u ≤ z and so z ≼ u. This shows that for any x ∈ X we have Sx ≼ 2 T y for all y ∈ Sx. Similarly, one can show that for each x ∈ X we have T x ≼ 2 Sy for all y ∈ T x. Let ψ(t) = t and φ(t) = t 2 . It is easy to show that for each θ ∈ Θ,the mappings T , S are generalized (ψ, φ, θ) contraction. Now, we can easy to check that all hypotheses of theorem 2.1 are fulfilled. Hence T , S have a common fixed point, which is x = 0.
